Solutions

Quiz 1
1. Discuss the existence and uniqueness of the following initial value problem:

1/3

z=x""; xz(0)=0.

Solution. The function z — /3 is continuous therefore equation has local
solution for any initial data.
Note that z(¢) = 0 is a solution and

) 0 ift <0
€T =

(2-4)%2 ift>0

is also a solution. The latter is evident for ¢ < 0 and

j;:%.(%.t)l/Q.%:xl/3

for t > 0.
Hence there is no uniqueness.

Comment. The function z — x'/3 is not Lipschitz at 0, otherwise local unique-

ness would follow we could use Picard’s theorem.

Quiz 2

1. For the following vector field, plot the potential function V' (z) and identify
all the equilibrium points and their stability.

z=z(1—x).

Solution.

Quiz 3

1. Consider the equation # = ra + 2%, where r > 0 is fixed. Show that
z(t) — %oo in finite time, starting from any initial condition zy # 0.

Solution. Since f(z) = rz+ 3 is an odd function, it is sufficient to consider the
case xg > 0.

Since r > 0, we have f(x) > 2 > 0 for z > 0. Therefore it is sufficient to
show that the solution of

=2

escapes to oo in finite time for any initial condition xy > 0.



Solving the equation we get

1

x(t) = 7(?12 — 2t)1/2;
0

the solution approach oo as t — j—g

Quiz 4
1. For the following flow on the circle
0 = pcosf +sin(2 - 6),

draw the phase portrait, classify the bifurcations that occur as p varies, and
find all the bifurcation values of pu.

Solution.
peosl +sin(2-0) =0

if and only if
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We have two (subcritical) pitchfork bifurcations at pu = £2.
The following diagram shows the behavior of the flow fro u > 2, |u| < 2 and
1 < —2 correspondingly.



2. Sketch some typical trajectories of the linear system
T=u,
y=x+y.

Solution. The matrix is (1 9); both eigenvalues are 1 and it has only one eigen-
vector (9). So, it is unstable degenerate node. Typical trajectories should be
go like this:

X = X9 5 y = (g - y N 5 y
(}e lelal solution 1S t e t t + e blll ou d() Il()t
1133:1 lt )



Quiz 5

1. For the following system, find the fixed points, classify them, sketch the
neighboring trajectories.

t=y+ax—a°,
y=—y-

1-32%2 1
0 -1/

{y+x—x3:0,

Solution. The Jacobian is

The system

—y =0.
has 3 solutions: (—1,0), (0,0) and (1,0)
e for (—1,0) we have A =2, 7 = —3 — stable node
e for (0,0) we have A = —1 — saddle.
e for (1,0) we have A =2, 7 = —3 — stable node

e WM
//(R <‘\\(’ /j)r\_

Quiz 6

1. Find a conserved quantity for the system

y=p-y-(x—1).

Solution.
dy _

y-(z—1)
da:iu T -

(1-y)’

dy'lgy:dx',u'w'—;l,

Inly|—y=p-(z—Infz))+C.



So the
V(z,y) =Inly| —y —p- (z —In|z])

is a conserved quantity.

Quiz 7
1. Show that each of the following systems is reversible; sketch its phase por-
trait.

b=y (4—2?%),

y=1—1°
Solution. The map (x,y,t) — (z, —y, —t) sends a solution to a solution; indeed
in this case & +— —; y — 7, y- (4 — 2?) is odd in y and 1 — y? is even in y.

The system has 4 fixed points (2,1), (—=2,1), (2,—1), (—2,—1). The lines
x = %2 and y = £1 are invariant. Jacobian is

—2zxy 4 — 22
0 —2y

So the eigenvalues are —2xy and —2y. Therefore

2,1) is a saddle,

(
(=2, —1) is a saddle,
e (2,1) is a stable node,

e (2,-1) is an unstable node,

The reflection in x-axis should revert the orientation of the trajectories:
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Quiz 8

1. Is the origin a nonlinear center for the system

&=y — 2,
Y=z




Solution. The origin is a fixed point; its Jacobian is

0 1
10
the determinant is —1 so it is a saddle point, can not be a nonlinear center.
(By the way, this system is reversible — f(z,y) = y — 22 is odd in y and

g(x,y) = x is even in y, therefore the map (z,y,t) — (z,—y, —t) sends any
solution to a solution.)

Quiz 9
1. Consider the system
T =+ 2y,
y=p+a*—y.
a) Sketch the nullclines.

Solution.

b) Find and classify the bifurcation that occur as u varies.

Solution. Saddle node bifurcation happens at u = 1—16 — at the moment when
parabola is tangent to the line, its derivative is —% S0 2-x9 = —%, Yo = —% - T
and yo = 23 + p. Hence g = —%, yo =2 and p=yo — 2% = § — 15 = 15

c) Sketch the phase portraits before and after the bifurcation.

Solution. After the bifuration two new fixed points appear — a saddle a center.
The divergence vanish therefore all orbits near the second fixed points are closed.



5

z-(x—1) (z—2)
(z + 100) - (z + 101) - (x + 102)°

Quiz 10
Set
fz) =

1. A flow on the plane has only one fixed point at the origin and
P(z) =z + f(z)

is its Poincare map which is defined for the positive z-axis. Classify the fixed
point; how many cycles the system has; classify each. Explain why there is no
more cycles.

Solution. There are two positive fixed points of the Poincare map for: 1 and 2.
each corresponds to a cycle.

By index theory, any cycle surrounds a fixed point. Since the origin is the
only fixed point, any cycle must surround the origin. Therefore it must cross
the positive part of z-axis. Hence any cycle corresponds to a fixed point of P
— we have exactly two cycles.

Quiz 11
=0y —x),
Y=rr—y— %,
z=uxy — bz.

1. Show that there is a certain ellipsoidal region E of the form
ra? + oy’ +o(z—2r)2 < C

such that all trajectories of the Lorenz equations (see above) eventually enter
E and stay in there forever.

Solution. Set
V(z,y,2) =ra? +oy® + oz — 2r)°.



Then

V =2rzi + 20yy + 20(z — 2r)z =
=2rx-o(y—x)+20y- (re —y —xz) +20(z — 2r) - (xy — bz) =

= —2r2? — 20y% — 20b2% — 4rbz.

If 2rz? + 202 + 20022 is sufficiently large (which happens outside of a bounded
set, denote it by B) then it it larger then the linear term 4rbz. Therefore
V < —1 outside of a bounded set. We can choose the value C so the the
ellipsoid E contains the bounded set B. Therefore V < —1on any trajectory
outside of E; hence in finite time it gets the value C' — at that moment it meets
the ellipsoid and it can not leave it.



