GAFA, Geom. funct. anal. (© Birkh&user Verlag, Basel 1998
Vol. 8 (1998) 123 — 148
1016-443X/98/060123-26 $ 1.50+-0.20/0 | GAFA Geometric And Functional Analysis

PARALLEL TRANSPORTATION FOR ALEXANDROV
SPACE WITH CURVATURE BOUNDED BELOW

A. PETRUNIN

In this paper we construct a “synthetic” parallel transportation along
a geodesic in Alexandrov space with curvature bounded below, and prove
an analog of the second variation formula for this case. A closely related
construction has been made for Alexandrov space with bilaterally bounded
curvature by Igor Nikolaev (see [N]).

Naturally, as we have a more general situation, the constructed trans-
portation does not have such good properties as in the case of bilaterally
bounded curvature. In particular, we cannot prove the uniqueness in any
good sense. Nevertheless the constructed transportation is enough for the
most important applications such as Synge’s lemma and Frankel’s theorem.
Recently by using this parallel transportation together with techniques of
harmonic functions on Alexandrov space, we have proved an isoperimetric
inequality of Gromov’s type.

Author is indebted to Stephanie Alexander, Yuri Burago and Grisha
Perelman for their willingness to understand, interest and important re-
marks.

1 Parallel Transportation and Second Variation

1.0 Notation and conventions. The general reference for background
on Alexandrov spaces is [BGP], nevertheless we recall some notation here.
e M will always denote a complete Alexandrov space with curvature
>k (>1), X, usually a complete Alexandrov space with curvature > 1
and X, a length-metric space.
e C' = (C(X) will denote a cone over X, usually with curvature > 0, and
o will denote its center. If z,y € C then

def
x| = |ox|

def 2] + |y2 — |zy|?

An element of a cone C we will call a “vector”.

= |z| - |y| cos Lzoy .
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e We also use C' for a constant and it is ok to change its value even in
the same formula.

e 3, is the space of directions of M at a point p. For ¢ # p we denote
by ¢’ or more specifically q;, a direction in X, of some shortest path pg (see
[BGP, §7]). If H is a subset of M then

>, (H) = {9 €%, Jgi € H,0 = \pl,i.?lo(q”;’} .

e (), is the tangent cone at point p, where C}, = C(%,). C), can be
also defined as a limit C), = limy_,o(AM, p) (see [BGP, 7.7, 7.8.1]). We set
Cp(H) = C(Ep(H)) C Cp.

e For a € C}, we say a = log, q if there is a shortest path between p and
g which starts from p tangent to a and has length |a| = |pg|. Note that in
a space of curvature > 0, logp is a noncontracting map.

e exp,: ), — M maps every element z € C, to the end point of
some quasi-geodesic which leaves p in the direction of x and has length
|z|. (About existence of quasi-geodesics see [PPe2, §5])

REMARK. The mappings exp, and log, are defined in a nonunique way.
The only properties of exp,, we will use are

exp,olog, =id, log,oexp,(v) = v+ oy(v)

and
|2 log, (q)] = | exp,(2)q] + O(2]?) ,
(for curvature > 0 we can ignore the O-term).

REMARK ON ORIENTABILITY. With respect to the Riemannian case we
have an additional difficulty with the definition of orientability. It is easy
to define orientability in the standard way using the atlas of distance co-
ordinates. This atlas in general does not cover all our space, therefore for
the nonorientable case we will distinguish two different cases: locally ori-
entable and locally nonorientable. Locally orientable is if every point has
an orientable neighborhood, and locally nonorientable otherwise. Every
point has a ball neighborhood which is homeomorphic to the tangent cone
at this point (see [P1] or [P2]), therefore local orientability is equivalent
to orientability of all tangent spaces (or spaces of directions). There is
an equivalent topological classification: M is locally orientable if at every
point p we have H"(M, M\p) = Z, where n = dim M. Indeed from the
same result of Perelman, we have H"(M, M\p) = H" !(%,), hence if ¥,
is orientable then H™ (M, M\p) = Z.
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Also from Perelman’s result one has natural orientation on the tangent
cones from orientation on Alexandrov space.

Let us define the normal cone to a geodesic.
From [BGP, 7.15] if p is not an end point of a shortest path 7 then

Cp=L, xR (where L,={x € Cpalny}).
Theorem 1.1. Let p and ¢ be points of a shortest path v in M, that are
not end points. Then

A. (Yu. Burago’s conjecture) L,, is isometric to L.

B. (Second variation) For any sequence &,, — 0, there is a subsequence
{en} C {en} and an isometry T : L, — L, which preserves orientation
of a small neighborhood of the shortest path pq (if it is orientable),
such that

[zy|*e  klpg|
2|pq| 6

where o = o(x,y) = |z|? + (z,y) + |y|*.

| exp,, (enz) exp, (e T(y))| < Ipgl + oel +o(en),

REMARK. To simplify calculations we will consider only the case of non-
negative curvature. Therefore the formula in (B) reduces to

2.2
|$y| €n —|—O(62)

2|pq| "
1.2. Part (A) and part (B) will be proved separately. Sections 1.2-1.10
will deal with part (A) and sections 1.11-1.16 with part (B).
For completeness we prove the following well known folklore lemma.
Let K and K3 be two compact metric spaces. We say (as in [BGP,
7.13]) K1 > K> if there is a noncontracting map Ko — Kj.

| expy, (en) expy(enT(y)] < [pal +

LEMMA. Let K1 and K5 be two compact metric spaces, such that K; > Ks
and Ko > Ki. Then K is isometric to Ks.

Proof. Let f1: K1 — Ky and fo : K9 — K be non contracting mappings.
It is sufficient to prove that F' = fyo f1 is an isometry. Let N.(K;) be the
maximal number such that there exist {r;} C Ki, ¢ = {1,2,...,N.}, such
that |ryr;| > e (N < oo because K is compact). Then the finite subsets
F"({r;}) are also e-nets (because F' is a noncontracting map, and if there
existed a point p € K; such that |p F"(r;)| > ¢ for all i then there exist
N:+1 points with the same condition, but N; is maximal, a contradiction).
On the other hand, the sequence

an(i,§) = |F™(ri) F"(r5)]
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is nondecreasing and bounded (K; is compact and hence a,(i,j) <
Diam(K}) < c0), therefore

Tim (| (1) F™ ()| = [~ (r2) F* 1)) = 0
and hence

lim max {|F" (r) F" (r;)] — [F" " (ra) F" = ()|} = 0.

n—oo 1,3
Let z,y € K;. For every n we can find ¢ and j, such that
|F(x)F”(n)‘ <eg, ‘F(y) F”(rj)‘ <e.
Since F' is noncontracting, we obtain
‘xF"_l(ri)‘ <e, ‘yF”_l(rj)‘ <e.
Therefore
|F(2) Fy)| = oy < |[F™(ri) F"(ry)] = [F" 7 () F*7Hrg) | + 2¢.
Passing to the limit as n — oo and € — 0 we obtain the lemma. O
1.3. Let us define the projections:
prg: Cp_>Lp7 pI’L(CL‘,y) =,
prg: Cp — R, pre(z,y) =y
where
Cp=L,xR (L,={z € Cpaly}andy€cR).
1.4. Let f and g be two points inside a shortest path. Define
m: Cp— Ly
by
7 = pry,olog,oexpy

log(exp(r))
_____________ pr(log(exp(r)))




Vol. 8, 1998 PARALLEL TRANSPORTATION FOR ALEXANDROV SPACE 127

LEMMA. There is a constant C' such that
m(re)/e € BCM(O)
for any € > 0 and r € Cy. (Here o is the vertex of the tangent cone at g).
Proof. The idea of the proof is due to [BGP, 7.17].
From the definition of quasi-geodesic we obtain
|logy expyr| = |gexpyr| < \/Ifgl2 +[r[? = 2Ir| - |fgl cos Z(r, fg)

= |fgl — Ir|cos Z(r, fg) + O(r*) ;

and if a is the left endpoint of v and b is the right endpoint, then

[log, oexpy 7| = gexpy 7| > |ga| — aexp; 1]
> Iga| = \/laf > + |r[2 + 2Ir| - Jaf|cos £(r f3)
= |fgl = Irlcos £(r, f) + O(rP?)..

Therefore
lgexpyr| = [loggexpyr| = |fg| — |r|cos Z(r, fo) + O(Ir") . (%)
Analogously
[bexp, r| = [bf| = |r[ cos Z(r, £3) + O(Ir[?)
exp(r)
a f g b

Using the last two equations together with the law of cosines we obtain

cos(Zbgexpf r)=—14+0(r).

Therefore ~
Zbgexpgr >m —Clr|.
Hence
Z(log, f,log,expyr) = Lfgexpyr < m — Zbgexpfr < C|r| (k)

(compare [BGP, 7.17]). The last C' depends only on the distance from f
and ¢ to the ends of ~.
Now using (%) and (**) we obtain
m(r)] < Clr[(Ifg] + O(Ir*)) < Clr]
and therefore
7['(7“6)/6 S BCI’I‘l(O)‘ d
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1.5. Let Q5 = {r;} be a countable everywhere dense subset of L; and
{en} — 0 be a sequence of positive numbers. Then using the lemma from
1.4 and compactness of By, (o) (see [BGP, 7.3]) we can pass to a subse-
quence, so that the following limit exists

lim m(riep)/en -
n—oo
After that pass to a subsequence again, such that there exists
lim 7(reey,)/en
n—oo

and so on. By choosing a diagonal subsequence we obtain a sequence such
that the following limit exists for every r;

lim 7 (rien)/en -

n—oo
Thus we define the map

II: Qf C Lf — Lg

(r;) ¥ lim 7 (rien)/en.
n—oo

LEMMA. II is a noncontracting mapping.
Proof. Let x,y € Qy. Using (*) and (*x) (see 1.4) we can estimate

‘er log,, expf(acen) — prg log, expf(ysn)} = 0(6721) .

m(ey)

log(exp(ye))

m(ex)

log(exp(ze))

0O(g?)

By the noncontracting property of log, (curvature > 0) and fact that
Cp = lim(M /€, p) we have

| log, expf(wen) log, expy(yen)| = | exp(zen) exps(yen)| > aylen + olen) -
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Therefore

’7['(:136”) W(yen)’

= \/ | exp s (wen) exp s (yen) > —|prg log, exp s (zen) —prg log, exps(yen)|?
= |zylen + olen)
passing to the limit €, — 0
|I(2)I(y)| > |2yl - =
Construction of II. For any v € Lg\Qy take a sequence of vectors

x; € Qf such that x; — v and there is a limit of the sequence {II(x;)}
(we can find such a sequence using the lemma in 1.4). Now extend II to

Il: Ly — Lg, such that
I(v) = lim O(z;)  (I|g, =1I).

—00
REMARK. It is easy to see that Il is a noncontracting mapping as is II.
1.6 KEYy LEMMA FOR A. For any x € Qf C Ly and 2’ € L,
9 ~ ~
| exp(en) expy(en’)|” < [fgl* + (|2f* — [H(@)]* + |2'TL() *) €, + o(ep)

or equivalently

| exp(en) expy(en’)| < [ fgl+ ﬁ(!wﬁ = [T(2)]* + |o'T(2) ), +o(€7,) -

Proof. To understand the proof of this fact, it is much more useful to look
at the following picture of Cy than to look at the formulas:

log(exp(xe)) T(E X)

log(f)

In the proof we use only the definition of quasi-geodesic and the Pythag-
orean theorem.
It is easy to see that

2
|expy(ent) g|” < |fgl” + |z[*e) .
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Further
| exp(en) expy(en’)|”
< }logg exp ¢ (€nT) enac'|2
= | log, exp(€nz) T(en) ‘2 + |7 (en) enx”2
= |log, expf(enac)‘2 — ‘W(Gn.%)‘Z + |7 (enz) enx"2 =777
By the definition of II and IT we have
‘ﬁ(x)}Qei - |7T(:cen){2 < (ﬁ(x)en + m(zen)) |ﬁ(:v)en7r(men)’
= O(en)o(en) = o(er,);
and also
()2 |*€2 — |m(wen)a’en|” < ([T(x)2 |en + |m(2en)a|en) | TI() e (2en)|
= olep) -
Therefore we can continue:
777 = |log, expf(ena:)‘2 - |ﬁ(az)‘262 + |ﬁ(w) x"zei + 0(€2)
= |expy(en) g|” = (@) [*6;, + [Ti(x) 2'|€;, + o(ep)
< |fgl” + (l2* = [T(@)]” + [T(z) 2 [*) €% + oe7) 0

1.7. We carry out the proof in sections 1.7-1.9.
Suppose the shortest path pq is divided into IV equal parts by the points

b =Dpo,P1y.--3PN =(.

Let us take some countable everywhere dense subsets @, C L, for any
n € {0,...,N} and a sequence &, — 0. Construct IIy: Qp, C Ly, — Ly,
for some subsequence {c.} of {e,}. After that find a new subsequence
{e2} C {eL} and build a new Iy : Q,, C L, — Ly, and so on to {e} C
{eN-1Y c .. c{en} and ly: Qp, , C Ly, , — Ly, for any n. Assume

€n = 52’ . Now we can extend every Il to respective II.
k times

Set ﬁﬁ, :ﬁNoﬁNo...oﬁN t Ly,

kT Lpn'

1.8 LEMMA. There is a constant C, such that
Y] < (14 §)

for any v € L.
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Proof. The idea of this estimate was prompted by G. Perelman.
Let x € @), then

|a expy (en)] < V]apol? + |22} < |apo| + Clz[*e;,

and

| exPyy (enTT¥(2)) 6] < y/Ionbl2 + [T ()2 < [pb] + O[T (@) 262

From Lemma 1.6 and the triangle inequality it is not hard to get
jab| < |aexpy, (enw)| + (| expy, (€nt) expy, (enIly (@)
+ [ expy, (enTliy (2)) expy, (enTlyy ()] + ...
+ | exp,,_, (alIN " (@) exp,,, (TN (2))]) + | exp,, (TN (2))D]
< lapo| + |P0]91| + |p1p2| + .. + [pn-1PN| + [PN D]

+[c|x12 S (@) = ) + (B = [ @) + .
RN @) — [N @)} + O ﬂ 2+ o(c2).

<% - C) N ()| < <2|N + C) ]

Therefore for x € Q,

Hence

and as a corollary

for any v € L.



132 A. PETRUNIN GAFA

1.9. Take a sequence N; — oo such that there is a pointwise limit
= lim Iy’
fi= lim Ty,
on some countable everywhere dense subset @, C L;,. One can repeat
the same “Construction” as in 1.5 to extend f1 to fi1 : L, — L4 It is a
noncontracting mapping and from Lemma 1.8 [f1(v)| < [v|. In the same
way we can construct such a mapping fo : Ly — L,. Using Lemma 1.3 for
Ky = Bg(0) C Ly, K3 = Br(o) C L, we obtain part (A) of the theorem. O

1.10. By Regular point of an Alexandrov space we understand a point
with Euclidean space as a tangent cone.

COROLLARY OF THEOREM 1.2(A). Let x lie on a shortest path pq. Then
Y, > ¥, and ¥; > ¥, (see 1.3). In particular if p or q are regular points of
M then all points on a shortest path pq are regular. (In other words, the
set of regular points is convex.)

Proof. Tt follows immediately from the semicontinuity property of the space
of directions [BGP, 7.14] and Theorem 1.2(A).

REMARK. It is true also that ¥, > S(X,(3,)) and X, > S(X,(Z,)).
The proof uses a stronger version of the semicontinuity property, namely
if M; — M is a sequence of Alexandrov spaces with curvature > C' and
p; € M; such that p; — p € M then

liminf ¥, > X,.

1.11. Starting from this point we are preparing for part (B) of the The-
orem 1.1.

Lyrical digression. One can see that the construction of parallel
transport almost contains the second variation formula, but when we pass
to the limit we lose everything. The rest of this section is very technical
dealing with this obstacle. There is nothing good in the proof below except
that it is, hopefully, right.

LEMMA (Isoperimetric inequality). Let U be a metric space which is a
e _bi-Lipschitz homeomorph to an open Euclidean n-dimensional domain.
Then for every compact K C U we have

Vol (K)Y™ < 2w, Vol/ Y (9 K)

where w,, is the constant in the standard FEuclidean isoperimetric inequality.
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Proof. Tt is easy to see that for a e*®-bi-Lipschitz homomorphism f: U —
R"™ we have

Vol,/"(K) < ¢ - Voli/"(f(K))
and
VoL, /1 7V(0K) = e~*VoL, [TV (9f (K)
Further f(K) C R™ and hence we have
Vol (f(K)Y™ < wpVoll/ D (0 (K)) .
Therefore we obtain our version of the isoperimetric inequality. O
Let By(K) be the t-neighborhood of a subset K. Using the inequality

above it is easy to obtain the following

COROLLARY (Coarea formula). Under the assumption of the last lemma,
let By(K) be compact subsets of U for 0 <t < e¢. Then

4Vol,(By(K)) > Vol (B )"~/ . e=2n=D L =n
and therefore
Voll/™(By(K)) — Vol/"(K) > te,e 218

where ¢, = wl™"/n is the constant in the standard Euclidean coarea for-
mula.

1.12. Sections 1.12-1.15 will be devoted to proving the following

KEY LEMMA FOR B. Given ¢, — 0, and Q, C Ly, Q; C L, are countable
everywhere dense subsets of regular points. There is a subsequence {e,} C
{en} and an isometry T' : L, — L, which preserves orientation of a small
neighborhood of pq, such that for any x € Q, and y € T~1(Q,)

|zy|*e2 2
| exp, (enz) expy(en T ()| < Ipgl + 2] +o(e;).

Proof. Let r be the midpoint of segment pg. Let us consider the same
construction as in the proof of (A) for pairs p,r and ¢, and subsets @, C
EP and @), C L,. We obtain a series of mappings H% : L, — L, and
H]NV : Ly — Ly. Asin 1.9 we take some sequence N; such that the following
limits exist

f—hmHN Ly — L, and g—hmHN Ly — L,

1—00 1—00
From 1.9 these mappings f and g are isometries. We can assume that all
of I1%; are defined for one subsequence of {e,}.
We claim that T = f o g~ ! is the mapping we need.
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It is easy to verify that T preserves orientation of a small neighborhood

of pq.
We have to prove that for any = € Q, and y € T71(Q,)

B

+o(€é? ,
2|pq| ()

| exp, (en) expy(enT(y))| < Ipal +

or equivalently for any A > |zy|/|pq|

262
Jexpy(en) expylen )] < ol (1557 ) + 0(é).

Starting from this point we fix z,y € @, and some A > |zy|/|pg| and
always assume that N € {N;}.

1.13 Warning. In the next few sections I'm trying to avoid unnecessary
indexes (not to confuse you but to make it easier to understand), do not
be surprised.

Let B(X) be the set of all subsets of X. Recall that By(Y) is the ¢-
neighborhood of a subset Y C X. Let us consider the following map

®:B(Ly) — B(Ly), @ =By, oll.

Now using Lemma 1.6 we obtain that if 2/ € ®(z) and z € Qf C Ly
then
1

2| £y

(l* = ITL(@)[* + X*| fg[*)en + olep)
(#)

Therefore using that Iis a noncontracting mapping (see Lemma 1.5)

| expy(enz) expy(ena’)| < [fgl +

2.2

Jexpy(en)expy ()] < Ifol (14552 ) +ol). (#4)

Consider a series of mappings ® corresponding to Iy.
Set

k times
7\

oK :B(Ly, ) — B(Ly,), OK(r)=Pyodyo ..Dy.

Putting together inequality (##) for different II-s we obtain that if

2’ € ®%(z) and z € Qp, _, then
2.2
n

5 )+o<ei>. (###)

‘eprn_k(ﬁn{L') €XPp,, (Enl‘,)} < ’pn—kpn’ <1 +
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1.13a. We can consider a series of mappings:
TN : Lpn—l - Lpn

and
k times

T;CV = TN © TN o TN : Lpnfk - Lp

such that Y%, : L,y — Ly, is an isometry with Y% (0) = o that minimizes

Tk (0)IT% .
UeB?S’éLm“ X (0IX (v)]}

n

for kK < N.

PROPOSITION. Let k = k(N), n = n(N) be any sequences such that
1<k<n<N,andx=zy €L be a sequence such that |z| < R for
some fixed R. Then

Pn—k

Jim [T (2) The(a)| = 0. (####)
In particular limpy_, s T]NV = f where f is from 1.9.

Proof. This is true because ﬁﬂ“\, is close to an isometry for large N (a direct
corollary of 1.9 and 1.5).

LEMMA. Let k = k(N), n = n(N) be any sequences such that 1 <k <n <
N,andxz =xN € Ly, _, be asequence such that |x| < R for some R. Then
for any fixed ¢ > 0 we have

X () C TR (B, _pal+e(@))

for sufficiently large N.

Proof. Let us prove first that there is R’ such that for sufficiently large NV,
|®k ()| < R'. The following proof is very similar to the one in 1.8.

Take a sequence xg = z, 1 € Py (x0),....xx € Pn(zk—1). We must prove
that there is R’ such that for any such a sequence we have |z;| < R'. We
can assume that max; |z;| = |zx|.

First of all

laexp,,  (zoen)| < app—i| + Clzol*el ,

and
|eprn_k(xk€n) b| < |pnb| + Clay el .
Now

lab] < |a Gprnik(Enl‘U)}

+(\ exp,, _, (€no) exppn_k+1(enac1)| + |eprn_k+1(6n$1) expy, (enz2)| + ...
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+exp,,_, (enTr_1) exp, (enzxk)|) + ‘exppN(en:Uk) b! <777

By inequality
2177 <lapo| + |Pn—kPn—k+1| + |Pn—k+1Pn—k+2| + - + [Pn—1Dn| + [Pnb]

| Cap + |N [(o)? — [Tin (o)) + (| — [Fin(en)[?) + ..

+ (Jzp—1)? = Mn(@r-1) )} + N {pn_ipnl/2 + Clay?| € + o(e2) < 777

Using [Ty (2;)2i41] < Alpipit1], we have
i1 |* — Ty (2)|* < 2\|pipig| max { |z, |[Tn (24)] } -
Therefore we can continue

< \ab\+[0|w\2 {l 20) "= (1) | +2 pn—kpn| max{zi], [Ty (i)} }

+>\2 [Pr—kpnl/2 + Clai|? | €

+o(e2).
Therefore for all sufficiently large N we have
|[2k| < 20| + 2 [pn—kpnl < R+ 2A|pg| =
Reasoning by contradiction, we assume that the lemma is false. Then
there is a sequence of points y = yny € L,,,_, such that Yk (y) € &% (z)
and |yx| > kM|pq|/N + e. Using that IIy are noncontracting mappings we
obtain
n(y) @n(z)| = [TIn(y) B)\|pq|/N o Iy(z)|e
> |y (y) Iy (2)] — Alpg| /N > |yzx| — A|pg|/N .
In the next step
I3 (y) % (2)] = [Ty © Iy (y) Bxjpgyw © Iy 0 ()]
> |y (y) n(x)] = Apal/N > [ya| — 2X[pal/N
after k-th step we have
TN (y) DR (2)] > |yx| — kA[pal/N .
From above |y| < R’ for some R/, and therefore the properties T%; insure

that if IV is sufficiently large we obtain |H’f\,( ) Tk (y)| < €. Therefore, for
large N

0 =Tk (y) Px(z)| > T4 (y |—\H’f ) Y (y)]
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> |yx| — kA|pg|/N —e >0,

a contradiction. O

1.14 LEMMA. If U is a neighborhood of x which is e*-bi-Lipschitz equiv-
alent to a domain in Euclidean space and for 0 < i < k

Oy () C T(U),
then

N

where l1.14(6) = 2n?6 and B{‘_l is a unit ball in Euclidean space.

n—1
Vol, 1 (P (x)) > (1 — 11.14(8)) Vol(BF ) <—k>‘|pq|>

Proof. This is an immediate corollary of the noncontracting property of Il
(see Lemma 1.5) and the coarea formula (see Corollary 1.11). O

COROLLARY. If U is an open neighborhood of x which is e*®-bi-Lipschitz
equivalent to a domain in Euclidean space and

o (z) Cc TRH(U),
then
lim sup d (€% (2)). By, _ypu(The()) < Act.14(8) limsup |pr |

N—oo N—oo

where ¢1.14(0) = 2(2n26)1/” and dy is the Hausdorff distance between sub-
sets of Ly, .

Proof. Since Ly, is an Alexandrov space with curvature > 0 (see [BGP,
10.2]), this follows immediately from Lemmas 1.13a and 1.14 and the fact
that the volume of a ball in L,,, does not exceed the volume of a ball of the
same radius in Euclidean space. a

1.15. Now we are ready to complete the proof of the Key Lemma for
B (1.12).

Let us consider a shortest path 3 between x € Q, and y € T1(Q,) in
L,. Assume z is the midpoint of (.

CrLAIM. There is p > 0 such that for all sufficiently large N
Vol (B, (TN (2)) NN (x)) > $Vol(B,(TH(2)).

REMARK. It is easy to see that if all points of the shortest path ~ are
regular then this claim is a direct corollary of Lemma 1.14 and its corollary.
The following trick to treat the general case was suggested by Perelman.
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Proof. The points x and y are regular, therefore by the corollary in 1.10
all points on § are regular. It is easy to see that for any 6 > 0 there is a
neighborhood Uy of § which is e*%-bi-Lipschitz equivalent to a domain in
Euclidean space.

Using the corollary in 1.14 step by step we will prove that for ¢ > 0
such that (1 — &)|pr| > |zz| we have

lim TN N2 eN N (z) = 0.

Indeed, take § > 0 such that (1 —2¢;1.14(6))(1 —¢)|pr| > |zz|. Construct
an open neighborhood Us of 3 which is et®-bi-Lipschitz equivalent to a
domain in Euclidean space. Take a compact neighborhood Uy of 3, such
that Ug C Us. By Lemma 1.13a for sufficiently large m € N we have that
if 2’ € Tﬁ}(Ué), then for any k2 < N/m and sufficiently large N

O (2') < TR (Us).
(This will allow us to use Corollary 1.14 for such a point 2’.) Also one can
assume that 2z 14|pr|/m-neighborhood of j is in Uj.

Note that if 2/ € ®k!(x) then ®52(2) C K17 (1),

Now fix m, Us and Uj.

Let us divide the shortest path xz in m equal parts by points x =
XOy L1y = 2. Let k = [N(1 —¢)/m]. It is easy to see that if N is
sufficiently large [Ne| +k > N — km > [Ne|.

From Corollary 1.14, for sufficiently large N there is a point 2} € ®& ()
such that [z} Y% (z1)| < 2¢114lpr|/m. Using the same corollary for z/
we obtain existence of 25, € ®X (z}) C ®%F(z) such that |25 Y% (z2)| <
2c1.14|pr|/m; and so on to obtain !, € ®TF(x) such that |z}, TRF(2)| <
2¢1 14|pr|/m. Using the same corollary again we obtain existence of x! €

éjNv_mk_[NE} (77,) C Q)%_[Na] (x) such that IHUZ@T%_[NS](Z)’ < 2cpa4lpr|/m.

Now 2¢1.14]pr|/m — 0 when m — oc.
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Therefore we can find € > 0 such that

lim TN Nl ze @) = 0.

Let 2’ € <I>]NV_[N€} (z) be the closest point to Y (2). From Lemmas 1.13a

and 1.14 we obtain that for sufficiently small § and ¢ and large N we have
VOI(B)\E|pr|(T%(Z)) N Q)%(x)) > VO](B)\E‘pT‘(T%(Z)) N oV (x/))
< %VOI(B)\6|pT|(T%(Z))) :
Therefore the Claim is true for p = Ae|pr|. O

Using this Claim we obtain that ®X (z) N ®X(T(y)) # 0.
Let 2/ € ®Y(2) N @Y (T (y)) C L,. Then by (###)

]expp(enﬂz) equ(enT(y))} < ‘ exp,(€nt) expr(ﬁnzl)|
+ ‘ exp, (en2") equ(enT(y))‘

A2e2
< lpgl <1+ 2”) +o(eq)

This completes the proof of the Key Lemma. a

1.16 Proof of the Theorem, part B. Take a sequence of points p,, ¢, which
lie in the shortest path pq, with |p,p| = |gnq| — 0. Assume r is the middle of
segment pq. Let T}, : L, — L, and Ty, : Ly, — L, be the mappings from
the Key Lemma for B (1.12). We can assume that all of these mappings
are constructed for some subsequence {e,} C {&,}.

Take countable everywhere dense subsets @}, C L, and @, C L, pass
to a subsequence {¢,} and construct mappings ﬁpn : L, — Ly, and ﬁqn :
Lq — Ly, (see 1.5). We can easily find sequences {pn} and {gn} such that
the limits f = limy oo Tp, 0 I, : L, — L, and g = lim;_,o 1y, o I, :
L, — L, exist. Exactly as in 1.9 we can see that f and g are isometries.

We claim that T = f o g~ ! is the mapping which we need.

Assume the statement B of the theorem is false for the constructed
mapping T'. Then there are vectors x,y € L, and a subsequence {e,} such

that
|zy|®€
‘ epr(Enx) equ(enT(y))| > |Pq\ + Wq!n + CG%L
for some ¢ > 0.

Let Q, = QyUx and Q] = Q,UT (y). We can construct ﬁ; and ﬁ;n for

n

these subsets and a subsequence of {€/,}. It is easy to see that ﬁfln and ﬁ;n

can be taken such that I}, |1, \, = Iy, |1\ and I, |1 \7q) = g, | L, \7()-
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Note that the construction of T is invariant under changing IT-s to IT'-s.
Construct @), and @, from these IT"-s as in 1.13.

Now &), (x) C Ly, and @ (T(y)) C L, are open subsets and therefore
for any x,y € L, there are elements ,,, € Qp, C Ly, andy € T, 10T, (Qy,)
such that x,, € ®(x) and T),(y,) € ®(T(y)). Using the Key Lemma we
obtain

| expy (en) expy(enT(y))| < | expy(ent) expy, (€nn)]
"“ eXPp(Enmn) equ(enTn(yn))‘ + ’ epr(enTn(?/n)) equ(enT(y))‘
Ne, 2
< |py| (1 + T) + o(ey,)

if X > |zpynl/|pngn|. But it is easy to see that lim; e |Zpynl/|Pnan] =
|zy|/|pq| and therefore we obtain that

262
Jexpycnt)exy (T )| < ol (14252 ) +o(ch)

for any A > [zy]/Ipal, or

‘22

’.’Ey n 2
. O
2|pq|? ole)

Jexpyene) exy(en 7)) < ol (1+

2 Synge’s Theorem

2.0. The following theorem was proved by J.L. Synge in 1936 for Rieman-
nian manifolds. Here we generalize this theorem to the case of Alexandrov
spaces. Our proof is only a small modification of the original one; it is an
example of the application of our second variation formula.

Generalized Synge’s Theorem 2.1. a) If M is an even dimensional ori-
entable Alexandrov space with curvature > 1, then M is simply connected.

b) If M is an odd dimension locally orientable (see 1.0) Alexandrov
space with curvature > 1, then M is orientable.

In order to formulate the following Generalized Synge’s Lemma we need
a formal generalization of Alexandrov space.

DEFINITION. A metric space will be called an Alexandrov domain if for
every point there exists a compact neighborhood which is an Alexandrov
space (with the same curvature bound).

In particular, every open subset of Alexandrov space is an Alexandrov
domain because every point has a convex neighborhood (see [PPel, 4.3]).
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2.2 GENERALIZED SYNGE’S LEMMA. A. Let I' be an Alexandrov domain
with curvature > 1, v C I be a closed path and one of the following be
true:

a) T is orientable and even dimensional;
or

b) arbitrarily small neighborhoods of v in I are nonorientable and I" has
odd dimension.

Then for every € > 0 there is an e-close path ~y. (e-close means that for
some parameterizations |v:(t)y(t)| < €) such that
length(vy:) < length(7) .
B. Let ¥ be an orientable Alexandrov space with curvature > 1, T :
Y- X
a) X is even dimensional and T preserves orientation;
or
b) ¥ is odd dimensional and T reverses orientation.
Then T has a fixed point.
Proof. We will prove this using the induction scheme B,, — A, 12 — Bj49...
and take as a base the trivial cases Bg and By (lower indexes indicate the
dimension).
(A,, — B,,) Let us consider the function
[12=Re, f@) =[aT(2)]

and let p be a minimum point of f on X. If f(p) = 0 then p is a fixed point
of T'. Therefore assume f(p) > 0.

Let us consider projection to the quotient space of an e-neighborhood of
a shortest path v between p and T'(p) by isometry 7. The resulting metric
space I' is easily an Alexandrov domain and ~ is glued in a closed path.
Therefore using (A) we obtain that there is an e-close path 7. such that

length(vy:) < length(7) .

Let us consider any point on .. It is easy to see that for the preimage
q € X of this point we obtain

f(q)< length(~:) < length(y) =f(p),

a contradiction.

(B, — A, 4+2) We may assume v is a closed geodesic (locally shortest
path).
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Let us divide our closed geodesic into shortest paths p;p;+1 such that
each of them lies in a compact convex subset which is an Alexandrov space.
For every such a path p;piy1 (po = pn) consider the map T;: Ly, | — Ly,
from Theorem 1.2(B). Using this theorem we can choose these maps such
that for some sequence ¢, — 0 and every ¢ and = we have

| expy, _, (€n) expy, (enTi(x))| = |picipil (1 = §ena?) + oler)
and moreover T; preserve orientation of a small neighborhood of the seg-
ment p;_1p;.

As a result we obtain amap T' = Tyo...oT5 0T : Ly, — Ly, which pre-
serves orientation in even dimensional case and reverses orientation in the
odd dimensional case. T is an isometry, and we can consider the restriction
of this map to Ay, where L,; = C(A,,). Therefore using (B,,) we obtain
a fixed point zg € Ly, of this mapping. Assume xn = TN o...0Th o Ti(xg)
(zny = ). Then using the second variation formula we obtain

length(vy) > ‘ expy, (€n0) exppl(en:cl)’ + | expy, (€n71) expm(en:m)‘ + ..
+| expy,,_, (enTN-1) expy, (enxo)‘ .
Therefore the broken geodesic
exp,, (€n0) exp,, (€471)...exp,,. . (nTN_1) €xPy, (€nT0)

can be taken as v, for € > ¢,. O

3 Frankel’s Theorem

3.0. The following theorem was proved by Theodore Frankel [F, Th.1] in
1961 for the Riemannian case. Unfortunately totally geodesic submanifolds
in a Riemannian manifold with positive curvature are very rare phenom-
ena. Thus Frankel’s theorem turns out to be particularly important for the
Alexandrov case because extremal subsets are always totally quasi-geodesic
(see the corollary below). Again the ideology of our proof is the same as
in the original; it is another illustration of the work of our second variation
formula.

3.1. Let H be a subset of M, and denote by |* x|y the intrinsic metric
in H.

DEFINITION. A connected closed subset H of an Alexandrov space M is
called totally quasi-geodesic if

1. For any compact subset K C H there is € > 0 such that
pal < e 'ipgl
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for any p,q € K.

2. Any shortest path in the intrinsic metric of H is a quasi-geodesic
and moreover it can be prolonged infinitely on both sides in H as a
quasi-geodesic in M.

If H is totally quasi-geodesic then for any point p € H we know C),(H)
is a totally quasi-geodesic subset of C), and ¥,(H) is a totally quasi-geodesic
subset of ¥, (here Cp,(H) = C(X,(H)) (see [PPe2, 2.3(3)] or [Pe, 1 2.4]). In
particular from any point p € H and § € ¥,(H), there is a quasi-geodesic
in H with this initial date, which is infinitely long on both sides.

Theorem 3.2. Let F' and G be two totally quasi-geodesic subsets of an
Alexandrov space ¥ with curvature > 1, and suppose dim F' + dim G >
dimX. Then FNG # (.

COROLLARY 3.3. Let I' and G be two extremal subsets of an Alexandrov
space ¥ with curvature > 1, where dim F+dim G > dim X. Then FNG # (.

Proof of the corollary. We only need to verify that any extremal subset is
a totally quasi-geodesic subset.

Part 1 of the definition is easily seen from [PPel, 3.2(2)]. Part 2 of the
definition is a direct corollary of the generalized Lieberman lemma ([PPel,
5.3] or [Pe, II 1.1]) and construction of quasi-geodesic (see [PPe2, 6.3(b)]
or [Pe, I 4.1(A”)]). Now we only need to apply the theorem.

3.4. Now we prepare for the proof of the theorem.

LEMMA. For a totally quasi-geodesic subset F of a compact Alexandrov
space M and for arbitrary € > 0 there is a function f : F' — R such that

a) For any quasi-geodesic v € F we have (f ov)" < g, |(fo7)] < ¢,
|f] <e.

b) If p is a singular point of F, i.e. C,(F) # R¥ where k is the dimension
of F, then there is a pair of polar directions (£,£*) € Cp(F) C Cp
such that

of of

o "o

Proof. We claim that there is 6(¢) such that the function

f(p) = 8e) 74  di ),

is the function we need. From the definition of quasi-geodesic it is easy to
see that a) is true for §(¢) < emin{1,Diam2(M)}. Tt is easy to see that

<0
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for all pairs of polar vectors (§,£*) € Cp(F)

of ~of
¢ T aer <O

Assume the inequality is exact. It means that for all such pairs (§,£*) we
have

</\logp(x),§> + <)\logp(ac),§*> =0
for almost all z € M and A > 0. It follows that all pairs (§,&*) are
opposite, i.e. there is a representation C, = R x C, such that & = (|¢],0)
and £* = (—[¢],0). Thus there is a representation C), = R’ x C,, such that
Cp(F) C R¥ x 0. F is totally quasi-geodesic, therefore C,(F) is a linear
subspace of R* x 0. Hence p is a regular point of F. O

3.5 Proof of the Theorem. The proof is carried in sections 3.5-3.8.

Let h = |FG| = minyer qec |pg|- If b = 0 then F NG # (), therefore
assume h > 0.

Take some € > 0. Consider functions f on F' and g as in Lemma 3.4
and set

U(p,q) = (Ipal + f(p) + 9(a))

for p € F, ¢ € G. Let (p,q) be a minimum pair for ¥. Lemma 3.3(b)
guarantees that p (¢) is a regular point of F' (G).

Therefore for any vector v € C,(F') there is an opposite vector v* €
Cp(F). Using that (p,¢) is a minimum pair of ¥ we obtain

(v,q,) <dpf(v),  (V.q,) < dpf(v*).
v is opposite to v* and f is e-concave (see Lemma 3.4(a)), therefore

(v,qp) + (", q,) 20,  dpf(v) +dpf(v*) <0,
hence
(v,q) =dpf  ((v.pg) = dgg)
for any v € Cp(F'), (Cy(G)). In particular d,f (dqg) is a linear function on
Cp(F) (Cq(G)).
Let us consider a shortest path pq, let r be the center of this shortest
path and {p,},{gn} be two sequences of points on pg such that |p,p| =

|gng| — 0. Let us consider two isometries T}, : Ly, — Ly, Ty, : Ly, — Ly
as in Theorem 1.2(B). Then T,, = quLl o Tp,, satisfy the inequality 1.2(B).

3.6. Now we start to construct mappings II,, : Cp(F) — Ly, (Cy(G) —
Ly,). This construction is almost the same as the construction which we
made in 1.4, 1.5, 1.6 and we write only the necessary changes in these
sections.
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(Changes to 1.4) First of all F is totally quasi-geodesic, therefore one
can construct an exponential map exp, such that exp,(Cy(F')) C F. Using
this exponential map we can construct a map = : C, — L,,. For the
restriction ﬂ\cp( F) We can obtain the statement of Lemma 1.4, using the
same proof but with our function f(z) instead of |az|.

(Changes to 1.5) Take a countable, everywhere dense subset @, C Cy,(F)
and pass to a subsequence of {€,} such that the following limit exists for
any v € Qp:

lim 7(vey)/en .

n—oo

This defines a map
II: Qp C Cp(F) — Ly,
I(v) @ lim 7(ven)/en.
n—oo

The same argument as in Lemma 1.5 shows that for any v,u € @, we

have
T)TI(w)|* = fuol” = [df (u) — df ()]

Set

uol = /v = [df (u) = df (v) 2.
Therefore we obtain that our mapping II is noncontracting with respect
to | x|.
Note that (Cp(F), || * *||) is flat and we have

(=) sn] <l < |54

(Changes to 1.6) The same argument as in the proof of Lemma 1.6
shows that for any v € Q; C €,

f(expp(env)) + ‘ expp(env) exppn(enH(U))‘

< 1) + ool + LG L (o - m@)R)e + o(e2)
- " 2 2|ppn| " "
1
< 1)+l + <lofel + (ol ~ ) +o(eh).
n

because if ¢ is sufficiently small then |v] < 2|v|. Using that (p,q) is a

minimum pair for ¥ we obtain

9(a) +19an| + |gn expy, (enIL(v)) |+ expy, (nl(v)) expy(env) | + f(expy (€nv))
> U(expp(env),q) > ¥(q,p).

Hence ) 1 ]
2 2
et — ) |v|]" = + (v)|” .
< 2|ppn!> lol (2!qnpn\ 2\ppn\>’ )
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3.7. Therefore for some C' > 0
[I(v)| < (1+ Clppal)[v] -

Pass to subsequences of {p,},{gn} such that there are the following
limits:
T, = lim T,, oll,

n—oo
and
T, = lim T, ol1l,.

n—o0

From above (see 3.6, Changes to 1.5) T}, and T, are noncontracting
mappings which preserve the norm. Therefore for any u,v € (Cp(F),|* *|)
we have N N

ZLuov < LTy (u)oT,(v)

and this inequality is exact if and only if |T),(u) T(v)| = |uv].

Using that (C,(F),|* *|) is flat we obtain that for any two vectors
u,v € (Cp(F), |* *|) there is a vector w € (Cp(F), |* *|) such that

Zuov + Zvow + Zwou = 2.
Therefore
ZTy(u) 0Ty (0)+ 2Ty (v) 0Ty (w)+ L Ty (w) 0T (1) > Luov+ L vow+ L wou=2.

Since L, is an Alexandrov space with curvature > 0, the inequality is
exact and therefore T}, and T} are isometries with respect to | *|.

3.8. Hence clos(Im f) and clos(Im g) # () are linear subspaces of the cone
L,. dim F' 4+ dim G > dim %, therefore,

clos(Im f) Nclos(Im g) # 0.

Hence for any v > 0 there is a pair of vectors u € Cp(F') and v € Cy(G)
and sufficiently large n such that |T,, o II,(v) Tp, o I (u)| < v|v|, or
equivalently |IT,,(v) T~ 1o IT,(u)| < v|v||. Set v/ = II,,(v) and v’ = T~ o
I1,(u). We can assume that all mappings II,, and T,, are constructed for
one sequence {¢y}.

Now let us put together inequalities:

U(p,q) < \IJ( exp,(enu), expp(env))
< g(exp,(ent)) + | expy(ent)) xpy, (enT ()]
+ ‘ exp,, (exT(u')) exp,,, (envl)‘
+ | expy, (€at') exp,, (env)| + f(exp,(€nv))
< W(pg) +e(Jof® + Jul?)e;
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1 2 2 2 2\ 2

v|[* — [II(v)|* + ||u]|® — [TI(uw)]|*)e

2‘ppn|(\| 17 = [T(0) |* + Jlull* = [T(u)[*) &,
+ [V 2 — —|p”6q"| (V12 + @4y + |u'[2) € + o(e?)

Pnq
< W(pa)+elol (v o] 2026 - P u)2) (1022 o).

Therefore
e(l+v)2+12 > @(1 — )2

and this is impossible for sufficiently small ¢ and v. a

Comments

We have seen that the constructed parallel transportation has almost the
same properties as parallel transportation in the Riemannian case. But
this construction has a lot of choices: we need to fix a sequence {e,},
exponential mappings and direction of transportation. We do not have
any example when it does really depend on these choices and it would be
interesting to avoid this, in particular it would give us a uniquely defined
integral curvature for Alexandrov spaces. Furthermore it would make the
second variation formula much easier to use.

It would also be interesting to find some connections between our paral-
lel transportation and other natural parallel transportations. For example:
the parallel transportation which can be constructed along a curve on a sur-
face in R™; also there is a “direct” construction of connection on Alexandrov
space (see [P3, 4.3]).
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